Twisted sl(3, C)~-modules and combinatorial 

identities 

Ivica Siladic 

Abstract 

The main result of this paper is a combinatorial description of a 

(2) 

basis of standard level 1 module for the twisted affine Lie algebra A 2 ■ 
This description also gives two new combinatorial identities of Gollnitz 
(or Roger s-Ramanuj an) type. Methods used through the paper are 
mainly developed by J. Lepowsky, R. L. Wilson, A. Meurman and M. 
Prime, and the crucial role in constructions plays a vertex operator 
algebra approach to standard representations of affine Lie algebras. 



1 Introduction 

The results contained in this paper are another step in a try to understand 
the combinatorics behind description of bases of standard modules for affine 
Lie algebras. The first step was made by J. Lepowsky and R. L. Wilson in 
LW|| , and their ideas are expanded after by A. Meurman and M. Prime in 



MPT] , |MP2j and flMP3| . 



Lepowsky and Wilson in ||LW|| proved classical Rogers-Ramanujan iden- 
tities by using representations of affine Lie algebra sl(2, C)~. They obtained 
these identities by expressing the principal character of vacuum spaces for 
the principal Heisenberg subalgebra of sl(2, C)~ in two ways. First way is 
to calculate principally specialized Weyl-Kac character formula for level 3 
standard sl(2, C)~-modules and this gives product side of identities. For 
sum sides, they have used vertex operator construction of bases of level 3 
standard sl(2, C)~-modules parametrized by partitions satisfying difference 2 
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conditions. They have also constructed combinatorial bases for modules of 
higher levels but without proof of linear independence, which was given after 
by Meurman and Prime in |MP1| . 



Capparelli used similar ideas in |C| , this time for twisted affine Lie algebra 
A 2 in principal picture and its level 3 standard modules, and he obtained 
two new Rogers-Ramanujan type identities which were not known before. 

Meurman and Prime gave in ||MP2|| a combinatorial description of bases 
of all standard s[(2, C)~-modules by using their "annihilating fields". These 
are obtained as vertex operators associated to elemens from some finite- 
dimensional s[(2, C)-module R in the vertex operator algebra N(kA ). For 
Verma module M(A) with integral dominant A, the maximal submodule 
M 1 (A) can be written as 

M\A) = RM(A), L(A) = M(A)/M 1 (A), (1) 

where R is the space of all coefficients of vertex operators associated to ele- 
ments from R. The idea they have used was to give a combinatorial descrip- 
tion of the character of standard module L(A) from the (easily described) 
character of Verma module M(A) and a combinatorial basis of M l (A) ob- 
tained from (lU). 

If t>A G M(A) is a highest weight vector, then a spanning set for M 1 (A) 
can be obtained from (H) in a form 

rx\%2 ■ ■ • x n v\, r G R, Xi G sl(2, C)~. (2) 

By fixing a basis for s[(2, C)~ we may construct the corresponding monomial 
basis V of the symmetric algebra S(si(2, C)~). Elements from V parametrize a 
monomial basis in the universal enveloping algebra U (sl(2, C)~) such that 7r = 
X\ • • • x n G V corresponds to a basis element u(tt) — x% • • • x n G U(sl(2, C)~). 
The elements n G V are interpreted as colored partitions. 

A basis for the space of "relations" R can also be parametrized with 
elements from V in a way that for r G R we may write 

r = u(p) + ^Jcyu(7r), 

TT>-p 

where ^ is a suitable linear order on V, and p is the smallest partition that 
appears in the corresponding vertex operator coefficient. Partition p is called 
the leading term of r and is denoted by it (r) = p. A basis for R is then the 
set {r(p) | p G &(R)}, where &{r(p)) = p. 

The spanning set (fj) can then be reduced to the spanning set of the form 

r(p)u(Tr)v A , p G &(R), it G V. (3) 
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Further reducing of this spanning set to a basis for M X (A) involves find- 
ing a linear relations between vectors of the form r(p)u(n)vjy, and these 
are called relations among relations. Meurman and Prime explicity con- 
structed required relations, thus obtaining combinatorial description of a 
basis of M 1 (A). 

In ||MP3|| they have used similar ideas to construct combinatorial basis 



for the basic sl(3, C)~-module. One of the difficulties that they have encoun- 
tered was the lack of finding enough relations among relations for vectors (|3]) 
parametrized by leading terms it(R), and they were forced to use a kind of 
Grobner base theory to correctly describe a basis for M 1 (A). 

In this work I tried to apply the same ideas to the twisted afline Lie 
algebra A 2 in homogeneous picure and its basic module. Based on the work 



of J. Borcea ( ||Bo|| ) , we get analogue of annihilating fields in twisted case. 
Borcea started from the universal vertex operator algebra N(kA ) associated 
to the (untwisted) affine Lie algebra g (in our case g = sl(3, C)~) and by 
using VOA module theory he described relations R a of standard modules for 
twisted Lie algebra q[o~] (in our case g[cr] = A 2 2 ) as coefficients of twisted 
vertex operators defined on twisted module for VOA N(kAo). By almost 
literally applying Meurman and Prime technique we can find a "correct" 
ordered basis of g (subsection 2.2), the set of leading terms it(R a ) (Lemma 
2.1) and a spanning set of the form (Bp for the maximal submodule M 1 (A) 

(2) 

of Verma module M(A) for twisted algebra A 2 . 

On the other hand, relations among relations were impossible to construct 
using similar procedures as in [ |MP2| | and [MP3 . The problem is that the 



space of required relations among relations carries no representation structure 
for finite dimensional g and therefore it is very difficult to analyze. 

The solution was to generate relations among relations as coefficients of 
tensor product of vertex operators associated to elements from the kernel of 
the map 

$ : N(kA ) ® Rl -> N(kA Q ), $(« <g> v) = U-iv. 

Prime described in [ [Fl|| and |[P2|| the structure of finite dimensional g- 
submodules of N(kA ) <g> N(kA ) that generate kernel of the map $, and 
moreover he obtained sufficient conditions for corresponding vertex operator 
coefficients to represent all required relations among relations. 

Applying this results to our special case, we encounter the problem of 
determining the injectivity of the map 

u ® v i — > Res^ z^Wy^ z ) ® Y a (v, z) (4) 

defined on certain subspace of ker <3>, for an arbitrary n G (the order of 
automorphism is \o~\ = T). By using loop module structure of R* we are able 
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to determine the structure of the space of coefficients (|J), which finally leads 
to a calculation of required dimension of relations among relations (subsection 
2.3). 

As a final result, we obtained combinatorial description of a basis of 
the basic module for twisted affine Lie algebra A% (Theorem 2.1). Suitably 
specialized, this description gives sum side of partition identities (the product 
side comes from Weyl-Kac character formula), one of which we state here 
(the other one is stated in Theorem 3.1): 

Theorem A The number of partitions (mi,... ,m r ) of an integer n into 
parts different from 2 such that difference between two consequtive parts is at 
least 5 (i.e. m i+ i — nii > 5), and 

TOj+i — rrii = 5 =>- rrii + i + rrii ±1, ±5, ±7 mod 16 
m i+ i — mi = 6 =>- m i+ i + mi ^ ±2, ±6 mod 16 
mi+i — mi = 7 =>- mi + \ + mi ^ ±3 mod 16 
mj + i — mi = 8 =>- mj + i + mi ^ ±4 mod 16 

is equal to the number of partitions of n into different odd parts. 

As mentioned above, the Rogers-Ramanujan identities appear in princi- 
pal picture for A^-modules of level 3, and the Capparelli identities appear 
in principal picture for A 2 -modules of level 3. On the other hand, the Cap- 
parelli identities also appear in homogeneous picture for A^-modules of level 
1, and the identity given by Theorem A appears in homogeneous picture for 
the A 2 -module of level 1. So, in a sense, the above identity is "two steps 
away" from the Rogers-Ramanujan identities, and since differences between 
parts are large, it resembles more to the Gollnitz identity (Q). 

Many calculations in this work were made by the computer system GAP, 
which may be found at \http:/ /www- gap, dcs.st-and. ac. uk . 

I wish to express my deep gratitude to professor Mirko Prime for his 
invaluable contribution to results in this paper. 

1.1 Twisted affine Lie algebras and standard modules 

Let g be a simple complex Lie algebra and o an automorphism of finite order 
T. Denote by e = exp(^p^). The automorphism a acts semisimply on jj, so 
we have a direct sum decomposition: 

T-l 

= ©£•[?]> wnere fly] = {x e g \ ax = e ] x}. (5) 

j=0 



4 



Let f) be a Cartan subalgebra of g and (-, •) a symmetric invariant bilinear 
form on g. We assume that (9, 9) = 2 for the maximal root 9 with respect to 
some fixed root system basis. Set 

d[cr] = JJflb'modT] ® tT + Cc. (6) 

jez 

Then g[er] = q[(t] + Cd is the associated twisted affine Lie algebra with the 
commutator 

[x(i/T),y(j/T)] = [x,y] ((i + j)/T) + ^6 i+j>0 (x,y)c, i,jeZ (7) 

where we set x(i/T) = x ® t^ T for x G 0[i mo dT]- Furthermore, c is central 
element and [d,x(i/T)] = (i/T)x(i/T). We also extend the action of a to 

a{x{i/T)) = (ax)(i/T) = e l x{i/T), ac = c, ad = d (8) 

(for details see [|K|, for example). 

Let g[a] = n_ © f) e ® n + be a triangular decomposition of g[cr], and let 
A G f) 6 *, where we denoted by f) e * the dual space of \f = f) x Cd. Then the 
Verma module 

M(A) = C/(fl[a]) ®^ (6 e en+) C (9) 

is a highest weight g[o"]-module with the highest weight A. Here, C is viewed 
as 1-dimensional (f) e © n + )-module defined by n + • 1 = and h ■ 1 = A(h) for 
h G l) e . 

Let M 1 (A) be the unique maximal proper g[cx]-submodule of M(A). Then 

L(A) = M(A)/M 1 (A) (10) 

is an irreducible module for g[cr]. If A is a dominant integral weight, then 
L(A) is a standard g[a] -module. 

1.2 Loop modules 

A g-module M will be called (g, <r)-module if, besides the action of g, there 
is an action on M of a subgroup K C Aut(g) generated by <r, such that 

fm(g)^ 1 = n(fi(g)) (11) 

for all (? G g, /x G K and where n : g — > End M is representation of g. 
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We shall say that (q, cx)-module M is irreducible if M is the only nonzero 
i^-invariant jj-submodule of M (note that M need not be irreducible as g- 
module). 

Let M be any finite dimensional (g, cr)-module. Since a T = id.M, there is 
a decomposition of M into eigenspaces of a of the form 

T-l 

M = Mj, <t(v) = e j ■ v for v G Mj (12) 

3=0 

and it follows from ( PD that fll2|) and (|) are compatible in the sense that 

n{S\n) v j ^ ^(i+i) mod T- 

By using the decomposition ( ]T2| ) we construct the space 

M = 0M b modT] ®t+ 

and give it a structure of g[a]-module by 

x(n + —) ■ (v®t m+ ^ = (x ■ v) ® t m+n+ ^ 

d-(v®t m+ T^ = (rn+L). v ®t m +ip (13) 

for x G Q[q,v G Mj and m,n G Z. From this definition we also get ^Z- 
gradation of M: 

M = M(n), 

where M(n) = {d ■ (v <g> t n ) = n ■ v <g> t n }. We shall say that M is a /oop 
g[a] -module. 

Proposition 1.1. Suppose that M is nontrivial finite dimensional irreducible 
(q, a) -module. Then M is an irreducible loop Q[o~]-module. 

Proof. Suppose that S is a nontrivial gfaj-submodule of M. Because S is 
invariant under d G fl[er], it also acquires ^Z-gradation, i.e. 

5=0 S (n)= S n ®t n . (14) 
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Define 



We shall prove that S n+ ± = Mi for all n G Z, z = 0, . . . , T — 1. Let n£Z 
be an arbitrary fixed integer. First, we will prove that 



T-l 



i=0 

is closed under the action of g. This sum is indeed direct, because S n+ ± are 
mutually different cx-eigenspaces. The fact that S' n is a (g, cr)-module will 
imply that either S' n is trivial, or S' n = M, and in later case we will have 
S n+ , = Mi. 

Suppose that there is n G Z such that S' n is nontrivial. Pick a nonzero 
s G S n _^*_ and an arbitrary i 6 g. Let 



x = Xq + • • • It- 



i 



be decomposition of x of the form (0). Consider the following element of 
5M = 

x' = x (0) H hx r -i-i( r ^ — -) + 

/ 1 T — z. . „ T — l 

+x T -i(-l + -^-) + • • • + x r -i(-l + -^-). 

Then we get that 

T-l 



i=0 

implying that a; ■ s 6 S[. 

Second, we have to prove that S' n = S' m for all n,m G Z. By asumption 
S is nontrivial g[cr]-submodule, so there exists at least one n G Z for which 

is nontrivial. But then 

x' = x Q (m — n) + • • • + XT-i-\{jn — n H — ) + 

T — i T — 1 
+x T ^i{m - n - H — ) H h x T _i(m - n - H — ) 

r-i 



j=0 



shows that S' n C S' m for any m G Z. Since for any nonzero s G S' n there is 
xGg such that x • s ^ 0, it follows that S' m 7^ 0. Exchanging the role of m 
and ra we get that also S' m C S' n , so S' n = S' m for all n,m G Z. □ 

1.3 Colored partitions 

Let G C and let = C/(g[cr])/(c — k). Now, g[<7]-modules of level k are 
also W-modules. U a inherits the gradation by derivation d from U (fl[cr]). Let 
g[er] = §[(t]/Cc and denote by S a = S(g[a]). Here S(-) stands for a symmetric 
algebra. Then S a is a commutative graded algebra. 

Let By], j = 0, . . . , T — 1 be a fixed basis for gyj. Then 5 = uJz^B^ is 
a basis for q. Let ^ be a linear order on B. 

We form a basis B for g[cr] such that 

B = |J ^bmodT] ® t*, B = £ U {c, d} 

Extend the order =<I on B such that 

i < j implies x(i) -< y(j)- 

We shall denote by V the basis of the symmetric algebra S a consisting of 
monomials in elements from B. Each element n G V is a finite product of 
the form 

l 

i=i 

We say that 7r is a colored partition of degree | tt | = ^i=ii» e an< ^ length 
£(ir) = £ with parte aj(jj) of degree ji and co/or a^. The set of all colored 
partitions of degree n and length £ is denoted by V e (n). 

The set P is a monoid with the unit element 1, and the product of mono- 
mials 7r, p G "P is denoted by 7rp. 

Let 7T = ai(ii) • • -ae(i s ), k = Oi(ji) • • - be(j s '). We extend the order =^ on 
T 3 such that for n ^ k we define n -< /c if one of the following statements 
hold: 

1. £(tt) > 

2. £(tt) = £(V), |tt| < |k| 

3. £(7r) = £(k), I -71" j = |/c|, and there is fc, £(7r) > A; > 1, such that i n = j n for 

£{ix) > n > k and i& < jk- 
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1*1, 



Oi 



,j s >) and there is k, £(tt) > k > 1, such that a n = b n 



for £(tt) > n > k and < h^. 

Then any subset S C V consisting of elements of fixed degree and length 
less than or equal to some fixed I has minimal element and fi =4 v implies 
w/i 4 nv. (cf. Lemmas 6.2.1 and 6.2.2 in pFg). 



1.4 Leading terms 

For n G ™Z denote by U a {n) homogeneous component of U a (homogeneous 
according to the gradation by d). Set 

V p {n) = J2 U<7 ( n ~ *) WCT (*')> P e N - 

Then {V^(n), p G N} forms a fundamental system of neighborhoods of G 
U a (n). Since 

oo 

n Vp<p) = w 
P =i 

it follows that (U^in), +) is a Hausdorff topological group. Denote by U a {n) 
its completion. Then 

W = \\ W{n) 

is a topological ring (cf. |[FZ|| ). 
Fix monomial basis 

"(Tr) =6l(jl)-"6n(jn) S 7T e T 7 , 

of algebra W . For 7r G V, \tt\ = n, set 

= C-span{«(7r') | \tt'\ = ^ 7r} C W CT (n) 

t/^) = C-span{?i(7r / ) | = \tt\,tt' >- 7r} C W CT (n), 
where the closure is taken in U a (n). Denote also 

U V (n)= U U W UV =W U V (n)clF 

neV,\n\=n n€^Z 

For u G Uy], u G" £7jy\ we define the leading term 

&(U) = IT. 

Quote the following propositions from [ |FT| ]: 
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Proposition 1.2. Every element u G U v {n), a / has a unique leading 
term & (u). 



Proposition 1.3. For all u,v £ U v \ {0} we have (t{uv) = £t(u) it(v). 

Proposition 1.4. Let W C U v be a finite dimensional subspace and let 
w : it(W) — > W be a map such that 

p^w{p), &(w(p)) = p. 

Then {w(p) \ p G it(W)} is a basis ofW. 

1.5 Leading terms of coefficients of vertex operators 

Let k G C. For any untwisted affine Lie algebra g, its generalized Verma 
module 

N(kA ) = U(g) ®{/(0>o+Cc) Cv k , 

carries the structure of vertex operator algebra if k ^ —g w (g v is the dual 
Coxeter number of g). This is so-called vacuum representation of g at level 
k. Vertex operator Y(v, z) associated to an element v G N(kA ) is 

Y(v,z) = J2 v n*~ n ~\ v n G End(iy(A;Ao)) 

i.e. it is a formal Laurent series, and coefficients are linear operators on 
iV(£;Ao) (for details see, for example, $7\, |Eij, PF^| ). 



Let a be an automorphism of g of order T so that we have the associated 
twisted affine Lie algebra g[cr]. Let M be any restricted g[a] module of level 
k. Then there is a map 

Ym(v, z) = v n z~ n -\ v G N(kA ), v n G End(M) 
that makes (M,Y^) a (weak) twisted A^(/cA )-module (p^|). 



Due to the results in |FZ| it is possible to consider coefficients of Y(v, z) 
as members of the completion U of the universal enveloping algebra of g. 
Likewise, the twisted vertex operators 



xyz) = 

n 



Yx n+ JLZ n t \ x eg [s 
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and their m-products generate a vertex operator algebra V (see ||Li2| .) From 
Li2|| and [pi|| we get that there is a surjective homomorphism N(kA ) — > V 



of vertex operator algebras given by the map 

v i-> Y a (v, z) = VnZ-"- 1 G ZF[[z? , z~T]]. (15) 



The action of Y a (v, z) on any restricted g[a]-module of level k gives rise to 
the twisted representation Y^(v,z) of N(kA Q ) on M. 
Set 

U[ oc = C-span{v„ | v G N(kA ), n G -Z} C W 

where v n denotes a coefficient in Y a (v,z). Then Uy oc is a Lie algebra, and 
denote by U a the associative subalgebra of U a generated by U° oc . We have: 



Proposition 1.5. ([PI], proposition 2.6) 

U a C U a C U v C TF. 

Effectively, this means that we can calculate the leading terms of coeffi- 
cients of both untwisted and twisted vertex operators (cf. Proposition |1.2|) . 



1.6 Relations on standard modules 

Let k 7^ — g y be a positive integer. Let R G N(kAo) be a g-module generated 
by the singular vector xe( — l) k+1 l. Then R is finite dimensional and invariant 
under the action of d, a and LLez> d( n )- 
Denote by 

R c = C-span{r n | r G R,n G ^Z} C U a . 
Then R u is a loop g[cr]-module under the adjoint action 



[x m ,r n ] = ^2 (™V 

\ / 



i>0 

We shall also write R in the case a = id . 



Proposition 1.6. (RBqj, Theorem J^.ll) Let M(A) be a Verma module for 
q[o~] such that A is dominant integral of level k. Then 

R a M(A) = M X (A), 

where M 1 (A) is the maximal submodule of M(A). 
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By our construction, any nonzero element in the highest weight mod- 
ule M(A)/R a M(A) is annihilated by all vertex operators Y a (v,z) for v G 
RN(kA ). Therefore, they are called annihilating fields and corresponding 
coefficients are called relations for M(A)/M 1 (A). 



1.7 Combinatorial description of spanning set for stan- 
dard modules 

The subspace R from the previous section is finite dimensional, so the loop 
g[cr]-module R G C U a is a direct sum of finite dimensional homogeneous 



subspaces. By Proposition Ol, a basis of R a can be parametrized by a set 



of leading terms £t(R a ). Explicitly, there exists a map 

£t(R a ) -*R a , p ^ r(p) 

such that r(p) G R a , &{r(p)) = p and the set {r(p) | p G it(R a )} is a basis 
of R a . Furthermore, we shall fix the map r such that the coefficient C in the 
"expansion" r(p) = Cu(p) + . . . is C = 1. 

A basis for Verma module M(A) can be obtained by using Poincare- 
Birkhoff-Witt theorem. Proposition |1.6| together with our parametrization 
of basis vectors of R a imply that maximal submodule M 1 (A) is spanned by 
vectors of the form 



r(p)w(vrH, peet{R a ),7T eV. (16) 

This spanning set is not a basis of M 1 (A), but it can be reduced to a basis 
by using the so-called relations among relations, which are linear equations 
that describe linear dependence between operators of the form r(p)u(7r). 
Since r(p) = on L(A) it follows that 

u{p) = c^/u^ir') on L(A) 

allowing one to express u(p)v^ in terms of u{ji')v a, tt' >- p. By using induction 
and flTEp the basis for L(A) can then be described as 

u(tv)v Ai tt g V, p<£tt, pe &(R a ) 

where p <f_ tt means that partition p is not contained as subpartition in tt. 
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1.8 Linear independence theorem 

For colored partitions k, p and n = Kp we shall write k = ir/p and p C 
7i (meaning that p is contained in tt), and we shall say that p C tt is an 
embedding. For an embedding p G 7r, where p G dt(R cr ) we define the element 
w(p C 7r) G by 



u(p C 



7T 



IpI 


> 


IpI 


< 



We shall consider a slightly modified (cf . |16|) spanning set of M 1 (A) : 

u(pCn)v A , p G et(R a ), 71 G V. (17) 
For a colored partition 7r set 

N(tt) = max{£(7r) - 1,0}, £(tt) = |{p G &(R U ) \ p C tt}| 

Define 

$ : iV(A;Ao) ® N(kA ) -> N(kA ), $(a ® 6) = a_ x 6. (18) 

Note that $ intertwines the action of Lq, fl(0) and er so ker $ is invariant 
under the action of these operators. Set 

{U a ®U a ){n) = X\{U a {i)®U a {j)), U u ®U a = ]J (U a ®U a )(n) 

Let a, 6 G N(kA ) be homogeneous elements and 

y(a,z) = a(n)z~ n - wt{ - a \ Y{b,z) = K n ) £~ n ~ wt(a) 

corresponding vertex operators. For a fixed n G ^Z define 

(a <g> 6)(n) = ^ a(p) <g> 6(r) G (Ef <r <g>E/'' T )(n). 

p+T=n 

For a subspace Q C N(k Aq) ® N(kA ) we shall also write 

Q{n) = {q{n) | q G Q} C (U a ®U°)(n) (19) 

Let g = ^ a ® 6 be a homogeneous element in N(kAo) ® Then each 
element of the sequence g(n) = a ® &)(^) can be written uniquely as a 
finite sum of the form 

peft(-R CT ) 
13 



Denote by S the set of all partitions TTi that are smallest (according to the 
=^ order) partitions of the form p£t(b p ) that appear in expression for q. By 
assumption on the order 5* has a minimal element, and we will call it the 
leading term £t(q(n)) of q{n). 

For a subspace Q C (U a (&R' T ) and n G we shall also set 

0(Q(n)) = {fl(g(n)) | q G Q} . 



As before, for details see PI 



Finally, we shall use the observation that N(kAo) ® N(kAo) posses a 
natural filtration (N(kAo) <S> N(kAo))e, £ G Z>o inherited from filtration Ug 
of universal enveloping algebra of g[a]. 

Theorem 1.1. fJFJ/ ; Theorem 2.12) Let Q C ker($|(iV(£;Ao) <g> Rl) t ) be 
a finite dimensional subspace and n G h'L. Assume that £{tt) = £ for all 
tt e£t(Q(n)). If 

N(n) = dimQ(n) (20) 

then for any two embeddings pi C 7r and P2 C tt in tt G V e (n), where p\, p2 G 
£t(R a ), we have a relation 



u(p 1 C 7r) G w(p 2 C 7f) + C-span{w(p C 7r') | p G ^ (-R CT ), p C n', n -< n'} 

Roughly speaking, this theorem states the following: if the total number 
of different embeddings of leading terms from the set it (R a ) into the colored 
partitions of a fixed length £ equals to a dimension of subspace of operators 
Q(n) generated from vectors in ker $, then for any two different embeddings 
Pi,P2 C tt there exists a relation among relation between u(p\ C tt) and 
u(p2 C tt). The existence of relation among relations guarantees that the 
spanning set (|T7D would be a basis (up to the so-called initial conditions) if, 
for a fixed tt, we take only one of all u(p C tt), p G £t(R a ). 

2 Twisted affine Lie algebra and its stan- 
dard module of level 1 

In this section we shall apply the theory developed in the previous sections 

(2) 

to the special case of the basic module for the twisted affine Lie algebra A 2 . 
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2.1 Construction of A)p 

Let g be the simple Lie algebra $1(3, C). This is a rank 2 Lie algebra of 
dimension 8. Let e\,e%, fi, f 2 be its system of canonical generators, and 
denote the associated simple roots by aci, ot 2 . 

There is only one nontrivial automorphism of Dynkin diagram of g: it 
permutes the simple roots a\ and a 2 . Clearly, its order is 2. Denote by a 
the automorphism of Lie algebra g induced by this Dynkin diagram auto- 
morphism, defined on the generators as follows: 

cr(ei) = e 2 , a(e 2 ) = e x , a(}\) = f 2 , a(f 2 ) = fi. 

Let 

= 0[O] © 0[1] 

be the eigenspace decomposition of g under the action of a: a acts as identity 
on 0[ O ] and as —1 on g^. 

Let b be the Cartan subalgebra of g\$\. Let (-, •) be a nondegenerate sym- 
metric g-invariant bilinear form on g. As a multiple of the Killing form, (-, ■) is 
also a invariant and remains nonsingular on b, so b and b* may be identified 
via this form. 

Let {ei, e 2 , hi, h 2 , fi, f 2 , [e\, e 2 ], [f 2 , fi]} be the basis of g built from the 
set of its canonical generators. Introduce the following notation (cf. H, 



m) 



E = [/ 2 , fx], Ei = V2(d + e 2 ) F = [e 1; e 2 ], Fi = V2(f\ + f 2 ) 

Hq = [E , F ], Hi = [Ei, Fi], 

E 2 = [Ei, E ], F 2 = [Fi, Fq], H 2 = hi — h 2 

6 = ai + a 2 

Po = - a 2 )\b, Pi = ai| 6 = a 2 \ b 

The sets {Ei, Hi, Fi} and {E , E 2 , H 2 , F 2 , F } are linear bases for the spaces 
0[o] and 0[i] respectively, and they are normalized so that [Ei, Fi] = Hi, % = 
0, 1,2 hold. Furthermore, the space gp] is Lie algebra sl(2, C) and g^ is its 
irreducible module. 

For i, j = 0, 1 define o^- = /3(Hi) and denote by A the matrix (%-)ij=o,i- 
Then 

' 2 -1' 
-4 2 



.4 



Matrix A is a generalized Cartan matrix of affine type associated to the 

2 



(2) 

twisted affine Lie algebra A 
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Denote now by C[t, t x ] the C-algebra of Laurent polynomials in indeter- 
minate t. Define the Lie algebras 

= A[o] ® c[m _1 ] © fl[1] ®c[f3,H] ©Cc, 0[cr] = g[<r] 

by the conditions 

[o © t m / 2 , 6 © T/ 2 ] = [a, b] © t( m+ ™)/ 2 + j5 m+nfi (a, b)c, 
c ± central, [d, a © t m/2 } = y • a © t m/2 , 

for m,n E Z and a G 0[ m mo d2],& £ 0[n mod 2]- The Lie algebra g[cr] is /io- 
mogenous realization of twisted Lie algebra A 2 . 

Next, we shall describe generators and root system of g[a]. First, the 
space h, = b © Cc is a Cartan subalgebra of g[er], and \f = \) © Cd is a 
Cartan subalgebra of g[<x]. Let 5 G f) 6 * be such that = 0, 5(d) = 1. Define 
the linear functionals ao,o;i G f) e * by o;i] f, = «i(c) = 0, ai(d) = and 
a = | — 2«i. 

Define the following elements of g[er]: 

e = E ®t^, ei = E 1 ®t° 
fo = F ®t-*, f 1 =F 1 ®t° 

h = H + -c, /ii = ifi 

The set {eo, ei, /o, /i, ^} is a system of canonical generators of g[er]. 

Root system (and its geometry) may be visualized as follows: 

• • • • • 

• • • 

• • • • • 



2.2 Leading terms 

In order to describe our main result, we will introduce another set of symbols: 
take Xi = F , X 2 = F 2 , X 3 = H 2 , X 4 = E 2 , X 5 = E , X 6 = E±, X 7 = 
Hi, X 8 = Fi. These vectors form a linear basis for Lie algebra g = sl(3, C). 
We will work simultaneously with untwisted (g) and twisted (g[er]) affine Lie 
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algebras, and it is worthwile to emphasize that we will use the same notation 
for operators Xi(k),k G |Z; first time as operators on iV(A ), and second 
time as operators on M(A). Hopefuly there will be no confusion for reader, 
since precise meaning should be clear from the contex. 

For example, some elements from q[ct] (and therefore also the operators 
on M(A)) are denoted as follows: 

e = X 5 <g> t 1 ' 2 = X 5 (i), ei = X 6 ® t° = X 6 (0), 

[ ei> e ] = [Si, S ] <g> t 1/2 = S 2 (gi t 1 ' 2 = X 4 <g> t 1/2 = X 4 (i) 

/ = Zi ® r 1 / 2 = ^(-i), /i = X 8 ® t° = X 8 (0) 

[fx, /o] = [Si, s ] ® r 1 / 2 = s 2 ® r 1 / 2 = x 2 ® r 1 / 2 = x 2 (-i) 

^ ® t ° = X 7 ® £° = X 7 (0), S 2 ® t 1/2 = X 3 g) t 1/2 = X 3 (h 

Define a linear order on the set Xi, i — 1, . . . , 8 by 

Xx > X e > X 2 > X 7 > X 3 > X 8 > X A > X 5 . 

The g invariant subspace R of N(A Q ) generated by the vector Xx(— 1) 2 1(= 
So(— 1) 2 1) is 27 dimensional and has a basis consisting of the vectors (cf. 
section |I~6|) : 
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XiXq 
X\Xj — X 2 Xg 

XiXg + X2X7 — X%Xq 

X 2 X 8 + X 3 X 7 — X 4 X 6 

-^3-^8 + X4X7 — X 5 X 6 

x 4 x 8 + x 5 x 7 

X$Xg 

2X ± X 7 + X 2 X 6 + 6Xx 
4XxX 8 + 2X 3 X 6 + X 2 X 7 + 6X 2 
x 2 x 8 + X 4 X 6 + 2X3 
2X 3 X 8 - X 4 X 7 + 4X 5 X 6 + 6X 4 
X 4 Xg — 2X5X7 + 6X5 



XxX! 

X\X 2 
2X1X3 + X2X2 

XiX 4 + X 2 X 3 — x 6 
4XiX 5 + 4X 2 X 4 + 2X3X3 + X 7 
X 2 X 5 + X3X4 + Xg 

2X3X5 + X4X4 

X4X5 
X5X5 



7XgXg — 8X1X3 + 3X 2 X 2 
7X 6 X 7 + I2X1X4 - 2X2X3 + 16X 6 
7X7X7 - 48XiX 5 - 6X2X4 + 4X3X3 - 14X 6 X 8 + I6X7 
7X 7 X 8 - I2X2X5 + 2X3X4 + 16X 8 

7X 8 X 8 — 8X3X5 + 3X4X4 



5X7X7 - 48X^5 + I2X2X4 - 4X3X3 + 20X 6 X 8 + 8X7 

where XiX 6 actuary stands for Xi(— 1)X 6 (— 1)1 and so forth. Note that 
this space decomposes as a direct sum of 9 + 7 + 5 + 5 + 1 dimensional 
£)[o] (= s[(2, C))-modules. 

Our next task is to compute leading terms of coefficients of twisted vertex 
operators associated to the elements of R, or in the other words, we have to 
describe the set &(R a ). 
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Lemma 2.1. The set it (R 7 ) consists of the elements of the form: 
XnU -\)X i2 {j ~\), X^j - l)X l2 (j) 

with colors hi 2 : 11, 21, 22, 31, 32, 41, 33, 42, 51, 43, 52, 44, 53, 54, 55 

with colors % x i 2 : 11, 12, 13, 66, 14, 76, 15, 77, 86, 25, 87, 35, 88, 45, 55 
X h {j -\)X h {j) 

with colors hi 2 : 16, 17, 26, 18, 27, 28, 37, 47, 38, 48, 57, 58 
X n {j-l)X t2 {j- 1 -) 

with colors i x i 2 : 61, 71, 62, 63, 72, 73, 64, 74, 65, 84, 75, 85 



where j £ Z. 

Proof. Let us take the element Xi(— 1)Xq(— 1)1, and let us demonstrate how 
one can compute the leading terms for the corresponding vertex operator. Us- 
ing the expression for the coefficient (a(—l)b)(n) in the (— l)-product ( ||Li2 



definition 3.7) for a = Xi(— 1)1 and b = X 6 (— 1)1, and taking into account 
that T = 2, we get 



Y^(X 1 (-l)X 6 (-l)l,z) =J2M* + hY^(X 6 (-l)l,z)z- i - 1 ^ 



i<0 



+ J2 Y'(X 9 (-1)1, z)X 1 (i + \)z+ 1 -* + 

i>0 



k>0 

Since Xi(£;)X 6 (-l)l = for k > 2 on X(A ), we get 

-fc-i-2-i 



y-(x 1 (-i)x 6 (-i)i, Z ) = j2J2 x ^ + \) x ^ k ) 



2' 
i>o fcez 



Y ff {[X u X 6 ]{-l)l > z)z- 1 - ^(X^Xe) 
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If we fix degree of z to be 2j — \ = — k — i — 2 — |, we find that corresponding 
coefficient of this vertex operator is of the form 



J2x 1 (i + l)X 6 (-2j-i-2) + 



i<0 



Y Xe(-2j - i - 2)X 1 {% + -) + "larger terms" 

where by "larger terms" we mean larger colored partitions. The definition 
of ordering and leading terms gives us that the smallest colored partition in 
this sum is X\(j — |)X 6 (j). 

Repeating this process for all of 27 basis vectors of R, and repeatedly 
taking into account leading terms we have already calculated, we get the 
lemma. □ 



2.3 Relations among relations 

in 



Next, we count all possible embeddings of leading terms from Lemma |27[ 
colored partitions of length 3: 

Lemma 2.2. For s G Z we have 

|tt|=3s-| |vr|=3s— § \-k\=3s-± 

n (k) = 80 N ^ = 80 N ^ = 80 

|vr|=3s— 2 |tt|=3s— 1 |tt|=3s 



For example, colored partition n = Xs(— |)X2(— ^)Xq(— 1) has 2 embed- 
dings p C 7r: those are p = X 3 (— §)X 2 (— §) and p = X 2 ( — |)X 6 (— 1). On the 
other hand, colored partition X 3 (— |)X 6 (— 1) is not in &(R a ). 

Recall now the definition ( |T8"D of the map $. We have 

Lemma 2.3. Let {e e = [e 1 , e 2 ], e 1 , e 2 , fri, fr 2 , fi, h, [h, fi}} be a basis of g 
build from the set of its canonical generators. Let itj, u l , % = 1, . . . dimjj be a 
pair of dual bases of g with respect to (•, •). The following vectors are highest 
weight vectors of g-submodules of N(A ) <S> N(A ) of dimensions 64, 35, 35 
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and 27 respectively: 

g 6 4 = ee(-2) <g> e e (-l)e e (-l) - e g (-l) ® e e (-2)e (-l) 

?35 = /i(l)-g64 = e 2 (-l)®e e (-l)e 9 (-l)-e e (-l)(8)e 2 (-l)e e (-l) 

?35 = -/ 2 (l)-g64 = ei(-l)(8)e 9 (-l)e 9 (-l)-e fl (-l)(8)ei(-l)e ( ,(-l) 

dimg 

g 27 = gj]ui(-l)(8>« i (0)e fl (-l)e ( ,(-l)-2.1(8)e fl (-2)e fl (-l) 
i=i 

Moreover, the corresponding Q-submodules Q%i 1 Qzb,Q^Q2i (ire in ker<3> 
(Tiere we write eg(— l)eg(— 1) /or e#(— l)eg>( — 1)1 etc. for short). 

Proof. It is straightforward to prove that vectors g 6 4, g 35 and ^35 are highest 
weight vectors for the action of 0, and that they lie in ker <£>. Dimensions of 
the corresponding modules are calculated using Weyl formula, and since $ 
is a 0-module map, it is also clear that Q e4: , Q 35 and Q35 are in ker $. 
Let x G g. Write 

[x,Ui] = ^OLijUj, [X,U 1 ] = ^pjiU 3 . 
3 3 

By taking the product of the first equation with (•, vP) and second with (-,Uj) 
we get 

Oij = f3 ji = ([x,U*],Uj). 

Using invariance of (•, •) we obtain 

Oij = (X, Pji = (x, \u\Uj\) 

so it follows ctij = —Pji. Now we get 

dimg 

WO), 527] = -^[x(0),^(-l)]®^(0)e e (-l)e e (-l) + 

i=l 
dimg 

- J2 ® k(0),^(0)]e e (-l)e e (-l) + 

i=l 
dimg 



I ]T Ui (-1) ® M l (0)a;(0) ee (-l) ee (-l) + 



i=l 



2- l®x(0)e e (-2)e e (-l) 
By using a^- = —Pji it follows that 

dim g 



[z(0)>92 7 ] = ^« ! (-l)®t I ! (0)x(0)e,(-l)e () (-l) + 



i=l 



2-l<8>x(0)e e (-2)e e (-l) 
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Since eg(— l)eg(— 1) and e<j(— 2)ee(— 1) are highest weight vectors, we get 
[ei(0),g 27 ] = [e 2 (0),g 27 ] = [e (O),g 27 ] = 

as required. 

Recall now that Virasoro element u of iV(Ao) is defined by 



dim g 

1 

s 



dimg 

-^n,(-lK(-l). 



Derivation of the vertex operator algebra iV(A ) is then 

dimg 

L(-l) = W (0) = - £ Yl s«i(") u< Hs- 

i=l n+m=— 1 

Since g(n)e^(— l)ee(— 1) = for n > 0, we get 

dimg 

$ (<? 27 ) = g ^(-iy (0)e e (-l)e e (-l) - e«,(-2)e e ( 
= L(-l)e e (-l)e e (-l) - 2e*(-2)e 9 (-l) = 



□ 



In order to apply Theorem [TTT|, we need to determine dim^2 Q p (n),p = 
64, 35, 35, 27. We shall use the irreducibility of loop g[<r] -modules arising from 



irreducible (g, cr)-modules established in Proposition 1.1 



Lemma 2.4. Q-submodules Q^, Q35, Q35, Q27 o^e irreducible (0, a)-modules. 

Proof. First, since Q64 is an irreducible 0-module and cr(g64) = <?64, it follows 
that Q Qi is an irreducible (0, cr)-module. Second, because cr(g 35 ) = 035, and 
Q 35 and Q35 are irreducible 0-modules, Q35®Q-s5 is also an irreducible (0, <r)- 
module. Finally, if (ui,u l ) is pair of elements of dual bases, then they lie in 
the same cx-eigenspace of g, so a(g 2 7) = g 2 7, providing that Q27 is closed 
under a, and therefore Q27 is also an irreducible (0, <r)-module. □ 

Let us temporarily denote by Q C N(kA ) ® iV(/cA ) any (0, a)-module 
invariant under L(0) as well. Introduce the notation 



rc>0 n>0 

<2>0 = ^(fl>o)Q, Q>0 = U{q >0 )Q 
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Since Q is a (g, <j)-module, we may construct the twisted loop module for 
g[a] from Q as in section [L^. Denote that module by Q a A . 
Set (cf. 

(feF = LI Q>o(n) c f/'W' 7 



(Q>o) (T = II Q>o(n) C £/<W CT 
Proposition 2.1. TTie map 



(Q>o) ff 

is homomorphism of ^Z- graded q[o~] -modules. 

Proof. The twisted vertex operator commutator formula gives 



[x(m), q(n)\ = f . j (x(i)q)(m + n — i) 



(21) 



for all x G g, g G Q and all m, n G ^Z. Since Q>o is g>o-module, it follows 



from (HD that 

[x(m), g(n) + Q> (n)] = (x(0)q)(m + n) + Q >0 (m + n) (22) 
providing that the quotient 



{Q>oY 



(Q>oY 

is well-defined g[o"]-module. Comparing (|1^) with (|22|) together with identi- 
fication L(0) <-> —d shows that is indeed homomorphism of g [a] -modules, 
so the proof is complete. □ 



Remark 2.1. By using Propositions \1.1\ and \2. \ we see that if Q is (g,cr)- 



irreducible, then <p is either zero or it is injective. 

Remark 2.2. Let n G Z be a fixed integer, and let Q C N(kA ) ® N(kA ) 
be a finite dimensional (g, a) -irreducible LifS) -invariant module. Then 

T-l 



dim(Q) = ^ dim (Q° A ( n + l -)\ 

i=0 ^ ' 
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Suppose that <f> is not zero. Then Proposition ^[j and Remark yTl^ imply that 

T-l 



dim(Q) = ]Tdim (Q(n + V) 
i=o ^ ' 



In the other words, map q i— > q(n) is infective on Q. 

Lemma 2.5. Let Qei, Q35, Q35, Q27 be as in the previous lemma. Then for 
any n£Z and p = 64, 35, 35, 27 

dimQ p (n) = dim ( Q(n + ^) j = dim Q p 

i=0,l - 7 



Proof. By remark 2.2, we have to prove that map is not identically zero. 



An easy calculation shows that 

(Q 6 4)>o = <5 3 5©<535©(W(fl)-(l(8)e fl (-l)e e (-l))) 

Denote by E\,H\, F\ (cf. section 3.1) the basis of Lie algebra gp], and let a 
be its simple root. 

For ^4 and for all n G Z we have 

#i(0) ■ g 6 4(» = 6a(ifi)g 64 (ra). 

On the other hand, the vector in (Q64)>o(^) with highest possible weight for 
the action of gp] is g 35 + ^35, and its weight is 

#i(0) ■ (fe + fe) (n) = 5a(ffi)(g 35 + 935) (n). 

This calculation shows that (fei^) + (<?64)>o( w ) 7^ (<564)>o(^), i>e. is 
nonzero. The same argument applies to the remaining cases, so the proof is 
complete. □ 

Since (Q35 + Q35JW Q {{Q&i)>o){n) it follows that Q 6 4(n)n(Q 3 5 + Q35)(n) = 
0. Likewise, Q??(n) Q ((Q35 + Q3i)>o)(™)> so the sum 

Qe4(n) © (Q35 + Qs5)(n) © Q 27 (n) 

is indeed direct. Therefore, for 

Q = <5 64 © Q35 © Q35 © Q27 

and arbitrary n G Z holds that 

dimQ(n) = 161 (23) 
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2.4 Initial conditions 

Let Ao, Ai be the fundamental weights associated to the chosen Cartan subal- 
gebra of g[o~]. Basic module is the (unique) standard module with the highest 
weight A = O-Aq+1-Ax. Denote by V\ highest weight vector of basic module. 
The following relations on the basic module hold: 

e ■ v A = ex ■ v A = 0, f ■ v A = 0, fi ■ v A = 0, h ■ v A = 0, h ■ v A = v\. 

In our notation it means that 

X^)-va = X 6 (0)-va = 

■ va = 0, X 8 (0)X 8 (0) ■ v A = 
X 7 (0) -va = v a 

2.5 The main result 

Recall that we denoted by V a basis for S u = S(g[o~]). We shall introduce 
the following notation in our special case g[a] = A^: 

SI = S(g[a] <0 + CX 8 (0) + CX 1 (~)). 

Let V- be a basis for SZ- 

We shall say that partition 7r = X^j^X^^) ■ ■ ■ X iri (j n ) G V- satisfies 
the difference 1Z condition if it does not contain any of partitions from the 
set it(R a ). 

Theorem 2.1. The set of vectors 

u(X il (j 1 )X i2 (j 2 ).--X in (j n ))v A , (24) 

where n = X il (j 1 )X i2 (j 2 ) ■ ■ ■ X in (j n ) E V- satisfies the difference 1Z condition 
and initial condition X^—V) <f_ rr is a basis of the basic A 2 2 ^ -module L(A\). 

Proof. By using lemma [T2] and (^) we see that the conditions of the Theo- 
rem are fulfilled. Denote by p(7r) exactly one of all possible embeddings 
pen, p e &(R a ), 7r e V— Then set 

u(p(tc) C 7r)l>Ai, eV- 

is a basis for the maximal submodule M 1 (Ai) if initial conditions determined 
by module definition relations h ■ v\ = 0, hi ■ v a = va produce new leading 
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terms for which the statement of the Theorem |LT] still holds. For example, 
from X\{— |)t>Ai = we get that p' = Xi(— \) is new leading term. Now we 
have to check that for any p e it (R a ) and tc e V- such that p', p C 7r there 
is a relation among relations between u(p' C 7r) and u(p C 7r). 

Calculation by hand shows that this is indeed true for any new leading 
term produced by module definition relations, so finally by using procedure 
described in section 1.7 we obtain that ( |24|) is a basis for L(Ai). □ 



Reformulating description of £t(R a ), we may say that if u(ir)v\ 1 from (|24] ) 
is in the basis of L(Ai), then any p C n, whose shape is described below, 
must also satisfy colors condition of the form: 

X h (j ~ \)X l2 (3 - I), X H (j - l)X l2 (j), i u i 2 e {2,3,4}, i 2 > i l 

- \)*n{3 - \), XiAj ~ 1)^ 2 U ~ 1), k,h e {6,7,8}, i 2 > n 
Xn(3-\)X l2 (j), H G {3,4,5}, t 2 = 8 
X ix (j - l)X l2 (j - ~), ix = 8, i 2 e {1, 2, 3} 



where j G Z. 



3 Combinatorial identities 

Let (so, Si) be a pair of nonnegative relatively prime integers. The special- 
ization of type s = (sq, Si) amounts to the following: 





—k - 




* s + fc(4si + 2s ) 


X 2 { 


—k - 




» s + Si + k(As 1 + 2s ) 


x 3 ( 


-k - 




* s + 2si + fc(4si + 2s ) 


X 4 ( 


-k - 




> s + 3si + k(As 1 + 2s ) 


X 5 ( 


-k - 




* s + 4si + k(4si + 2s ) 


X 6 ( 


—k - 


1)- 


> -si + (k + l)(4si + 2s ) 


X 7 ( 


-k- 


1)- 


• (A; + l)(4si + 2s ) 


x 8 ( 


—k) h 


-> s x - 


f fc(4si + 2s ) 
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for k>0. 

Theorem 3.1. The number of partitions {m^\ . . . ^rnf^) of an integer n 
in two colors (i.e. Ci — 1,2 fori = 1, . . . , r) such that difference between two 
consecutive parts is at least 4 (i-e. m,^} 1 ' — mf^ > 4) and 

mf^ = ±1 mod 6, mf^ > 1 for i — 1, . . . , r 

- mj c<) = 6 Ci+i ^2 and* ^2 
mg+° - mJ Ci) = 5 =s> c l+1 ^ 2 or q ^ 2 
m£+ l) - mJ Cl) = 4 Cj+i ^ 2 or q ^ 2 and 

+ mJ Cl) ^ ±4 mod 12 

egna/ to the number of partitions of n in one color into parts congruent to 
±1 modulo 6. 

Proof. The specialization of type s = (1,1) gives the character formula 

ch (lll) l(ao = n r^- 

n=±l mod 6 

This specialization also gives 



*l(- 


-k- 




-> (6fc+ 1) (2) , 


X 6 (- 


- 


1) i-> (6A; + 5) (1) 


x 2 (- 


-k - 




- (6Jfe + 2)< 1 ), 


X 7 (- 


-A; - 


1) ^ (6ife)W 


*s(- 


-k - 




-+ (6A; + 3) (1) , 


X 8 (- 


-ife) h 


-> (6A; + 1)W 


Xt(- 


-k- 




-+ (6A; + 4) (1) 








x 5 (- 


-k- 


\> 


-> (6A; + 5) (2) 









for k > 0. If we interpret difference 1Z condition and initial condition in 
terms of this specialization, we get the list of forbidden parts in partitions. 
By forming a table with allowed differences and colors between consecutive 
parts, we get the Theorem. □ 

Proof of Theorem A: The specialization of type s = (2, 1) gives the char- 
acter formula 

ch (2 , 1) L(A 1 ) = n( 1 + 9 2n - 1 )- 

n>l 
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On the other hand, we have that 



x x { 


-k — 


1. 

— ) i- 

2' 


^8k + 2, 


X 6 ( 


-k-l)^8k + 7 


x 2 { 


-k — 


L 

— ) 1- 

2' 


^8k + 3, 


X 7 ( 


-k- 1) i-> 8A; 


x 3 ( 


-k — 


1. 
2 ! 


^8k + A, 


X 8 ( 


-k) ^8k + l 


Xd 


-k - 


1, 

— ) 1- 

2' 


^8k + 5 






x 5 ( 


-k — 


1, 

— ) 1- 

2' 


^8k + 6 







Again, interpreting difference TZ condition and initial condition in the same 
way we did it in the proof of Theorem |3.1| , we get the statement. 
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